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DETERMINATION OF TEMPERATURE, VELOCITY, AND CONCENTRATION
PROFILES IN THE MIXING LAYER BETWEEN A ROCKET EXHAUST
JET AND THE SURROUNDING SUPERSONIC AIR STREAM

PART III. PROCEIURE FOR COMPUTATIONS AND
PRELIMINARY RESULTS FOR A TYPICAL CASE

Je. Vasiliu

ABSTRACT

In Bectlion I of -this Part, the method of obtaining the
initial ard boundary conditions for available inviscid Jet
flow solutions 1s discussed. Simple relations for the determi-
nation of the temperatures, velocities, Mach numbers, pres-
sures, and pressure gradlents are derived. In Section II the
thermodynamic functions required in the calculations are dis-
cussed in detail.and listed in Table I. A program written in
Fortran II that makes 1t possible to carry out the solution
of the problem on en IBM-704 computer is described briefly.
Finally one typical case 1s considered ‘and plots of velocity,
temperature, and concentration profiles are given for the

initial stages of development of the mixing layer.

DETERMINATION OF THE BOUNDARY CONDITIONS

It was pointed out in Section IV of Part II that values of the
velocities and temperatures at the upper and lower boundaries may be
obtained from the inviscid flow solution of the jet. Such a solution
was obtained1 by the method of characteristics for the case of an
axially symmetric jet of gas, with constant ratio of specific heats,
i1ssuing into a supersonic air stream. For lack of other data, the results
of this analysis will be used to obtaln the boundary conditions for the

two-dimensional mixing layer consldered here.
A. Initial Conditions

The conditions at x=0 require a knowledge of the velocity and

temperature of the jet and the air stream at a section normal to the



boundary. The flow parameters available from the inviscid flow solution®
are indicated in Figure 1. It 1s noted that the Mach muwber of the jet al
a section normel to the boundary, denoted by Me, is different from the
Mach number at a section normal to the exit, denoted by Mjet’ the former
being larger in view of the expansion teking place at the periphery of
the nozzle. The initial conditions will be based on Me' Using the total
temperature of the jet, Tp , and the constant ratio of specific heats,
rJt’ one has )

T ——rl—T-L—— (1)

=

The velocity is expressed in terms of the Mach number and temperature

from the relation

U, =M /rdthmeie (2)
VWhere Rm is the gas constant for the mixture at the exit eonditions giveu
by ¥
a il .
R =g (%)
e m
e

with wm , the molecular weight of the mixture at the exit, given by
e

woo= ) WX .
» i

Substituting Eq. (3) into (2), and using consistent units, one finds

To1
U, = 222.97 M, »J—{J,-t—e (£t/sec) (4)
m

e

for the air-stream side one has, from the energy equation, using the

total temperature of the stream TT
'8

TTS Y-l .
— =] + ——— ]}
T 5 e
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The velocity can be obtaineu, as before, from a relation analogous to

TN
a

-~
(el

= (ft/sec) (6)

Ua = 222 97 ”a

i

m
a

vhere wn » the molecular veight of the air stream, is (iven by
!

(7)

—
y ;)
a
W
1 i

The concentration of species at the nozzle exit cen be obtained from an

W
m
a

snalysis of the problem of chemical reactions during the expansion of
premixed gases through the nozzle.2 It is indicated here that one may
consider the chemical reactions in the flow to be in local eguilibriun
up to a certain point of the expansion, and to be frozen at those valucs
therecafter, up to the nozzle exit arca and further dcwnstrear. Such a
treatment yields values of the specific impulse vhich are in good agree-
ment with observations on actual nozzles.® The three additional species,
nomely, H, 0, and OH, listed by licu, and Boynton®, are neglected in this
vork. The nmole fractions of the constituents used in the calculations
are given in Section III. For the air stream, the standard argon-irec

air composition will be used.
B+ Boundary Conditicns

The niethod of characteristics? gives the Mach nuaber of the flow at

cither side of the Jjet boundary in temms of the dinmensionlesc aial



distance, X/rc, and the dimensionless rodial dis“ance, r/r_. It is easily
ceen from Figure l.b that the dimensionless coordinate x used in this
work can be related to the above coordinates (after linearizing each

small segment on the boundary) by means of the relation

o-JOOT BT o

wvhere "i" denotes the points at which the values of LH
(see Table II). For calculations on the computer, the values of M, and
Ma may be listed as a function of (X)i’ or thece lach numbers can be

expre~sed as polynomials in x. It has been founc. that the maximum error
incurred in using a 4th deg =e polynomial approximaiion does not exceed

030 percent. Values of the coefficients for a specific case, are given

and 1_ are known

in the section on input dsata.
l. Upper Boundary
In view of the above, the Mach number on the jet side will be
given by the relation

“J = ao +ax+ azxz + a3;<3 + (I‘t:c4 (9)

The temperature at this boundary can then be expressed in terms of this

lach number as

Ty

TJ =——Y—JTJ.—_— (10)
1e

or, in dimensionless form and using the notation of Part iII for the grid
points at the boundary,

P TT /To
Tn+1zET;E'f’1=_"’F‘l—f'" (11)
, -
° 1+-J%-—n§

The velocity is obtained by a.relation analogous to Eq. (h), i.e,

,r T
- : St d ;
% 222.97 H, I (12)

‘e
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vhich can be revritten in the following dimensionless forim

U M Y, T gt
bl = anofaen i Jti+l,l o .
u.”+l, z Uo 222 09 { Uo wn (l‘ﬁ )

c
It is noted that in Eq. (12) ana (l}) the molecular veight of the nisiture
at the upper boundary is the same as that at the nozzle exit. This is
consistent with the remaining boundary condition 1i.e.

1 1
J !
G, 1 = ()¢ (1)

which is based on the assumption that the composition of the Jjet, down-
stream from the nozzle, remains frozen at the conditions at the exit.
Equation (ll), (15) and (14) constitute the bound. ry conditione for the
uppe:’ boundary of the mixirg layer.

2. lower Boundary

For the air-stream side, the Mach number will be obtained

from the relation
= 3 W ire
M =B +Bx +B,x" + B3+ Px (15)

Based on this Mach number, the temperature ét this boundary is given by

a relation analogous to Eq. (5)

Y. -1
1 & =fe R

P =7 |t .
Pl =0 Y1 ] (26)

-l

or, in dimensionless form, and in terms of the uotation for a grid point

on the lover boundary,

T -1
T T 14— P
8 © 2 ©o .
Tw‘ﬁ‘?[ Qd“] (17)
Q Fansg I
S

The velocity can be determined, from a relation anclogous to Eq. (6):

sl -

S
a

Lé2]

(18)

Us = 222 .97 “s

-



or,

v w, T
= D L2 A )l
ugy By RS g NETR (19)
(o] (o] m

where wm is given by lq. (7). The ndditional condition on ‘he concen-

trationsais
TN i ;
Co’z = (C )a (420)

Equation (17), (19) and (20) constitute the boundary conditions for the
lower boundary of the mixing layer.

C. Relatione for the Pressure and Pressure Gradient

The inviscid flow solution® yields the stegnation pressure at both
sides of the boundary. Values of the static pressure, required in this
work, can be obtained from thic pressurc. GSinece the static pressne
imust be balanced at the jet boundary, one may use the flow parameters
at cither side in carrying out the caleculations. Selecting, arbitrarily,

the stream cide stagnetion pressure, pp , and lach mumber, M_, the static
S (3]

pressure, D, is given by

Pp

= 2 21
Ps ACESY (1)

v -1 N\°
(1+ = I

2

or,. in dimensionlcss form,

P
P /7,
RS = rs/(rs_‘Iy (Pp_)

© Y -1
14 —— 12

The dimensionless pressure gradient is obtained by differentiating the

]

|

3

above expression
Y D dit_
[ S (%]

k6] = g'-P- —IS ('L —’,)
“xoax Ts-l . (4PK 4
(l + - I"I:>



II.

Fron Eq. (15)
dJ\Is 3 g
rrgd = P, +2B,x + 3B + 4B = (2h)

Substituting Eq. (2h4) into Eq. (23), the pressurc gradient is found to b

T(_llsp
P, = - ) (Bl + 2B x + 3B 2" + hﬁ‘,.:-:3> (25)

This equation is to be calculated at the point x = % as required in
Part II. The pressure at the nozzle cxit can be obtained from the slag-

nation pressure of the jet. Thus

p = J (4“()

DATA REQUIRED IN TIS CAICULATIONS
A. Thermodynanic Functions

In Part II a function fi(T), Fa. (36), has been used in the equation
for the dimensionless specific heat of each speeies to denote the temper-
atuve dependent molar specifiec heat of the gas. This function con e
cxpressed by means of appro:imating polynomials such as those given by
Sweigert and Beardsley. The cquations are of tuo gcncro..l forms, and

they arc valid wvithin a given range

| b c
fi(T)—{l-—T-“"-E
T
or
b c

fi(T)

il
o}
'
3
+
|

vhere T is the temperaturce in °R. The equaticns corresponding to cach
species arc listed in colum 8 of Teble I. Their accuracy was cheeclicd
aseinst the values given in the Gas Tables for the range of 500-5000°R.

The maximum error Tound is 0.50 percent for the CO,-curve, 0.80 pcreent

T
‘)



for the 02- and Ha-curvc, 1.0 percent for the CO-curve, 1.5 percent for
the N, and 2.0 percent for the !,0 curve. It is noted that, in Table I,

T is the dimensionless temperature.

For temperatures from 500°R dovn to about 250°R, the specific heat
ray be assumed constant. Values taken from the Gas Tables are also listed
in colum 8. Yor 0,, 1,0, CO, I, this assumption leads to negligible
crror. 1ior H2 and 002 the constant values used vere selected arbitrarily
5o as to pgive small crrors (a masdinnm of 2.5 pcrccnt) above %00°R. Delow
this terperature, the error for thesc two gases is oppreciable, and it

may become necessary to use appro:ximating equations.

The function f;(T) tabulated in colum 9 is the derivative of f, (1)
with respect to the dimensionless temperature; it appears in sone Leims

of the energy cquation.

A nethod of calculating the dimensionless enthalpy of cach species
is discusced in Part II. The cquation obtained there [Ba. (41)], is

1

] o]

= + n)-1.

h, gty [hB Gi(l)lﬁbhfi]
i poo i

lere Gi(T) is the integral of fi(T)’ and is given in colwin 10. Below
500°R this term is set equal to zero as noted in Part II. The constant
h, was computed from the relation [Eq. (40) of rart II)

bl

500
= f fi(T)dT = oi(soo) T > S00°R

bi 0

For tenperatures below 500°R hB is given by Eq. (h2), i.c.
i

= 1]m < o
hni fi('l)J. T < 500°R

The above values of hBi are tabulated in colum 7 of Tavle I. 1In the

case of CO,, for T < 500°R, the valuc of fi(T) used in computing hy is
{——-

ddfferc .t from the onc listed in colurm 8. This selection wos made in

order to reduce the error in the appro:;ination. Values of the enthalpy

obtained by the above procedure wvere compared vith values in the Gos




Tables at various temperatures. The error was found to be smell----leus
than one percent in most of the cases, (cxceptions were I, at low termer-
atures, vhere the error is about 2 percent, and CC, in the neighborhood
of 500°R, wvhere the error is found to be L pcrccnt) +» These errors be-

come negligible, in viev of the large values of the heats of reaction.

The equilibriun constant ICpk(T) is discussed in Part II, vherc the
following equation is given:

ka(T) = {10[10

The function ¥ (T) nay be obtainecd from tabulated values of the

3
I
(S

AN (1)

)

cquilibriwa constant, Kn’ given in terms of pressures (sce 5.5, Yenner,
"Chemistry Problens in Jet Propulsion"). It was found that a good fit
to these values is obtained for both the H,0- and the €O,- reactions
vhen FI:(T) it cipresced as a £ifth degree polynomial. In the raage of
1200-3000°K, the error in the values of ka(T) is about 0.1 percent

for the }i,0-reaction, end about 3.0 percent for the CO,-reaction. The
polynonials are given in colunn 11 of Table I. The variable, ©°, shoun
there is a function of the dimensionless temperature, T, and is given
by the relation

. 1 TTo
T = 700 [m - 1200]

The factor 1.80 is used to convert the temperatwre to degrees Kelvin,
as required. It was pointed out in Part II thet, below appro:imately
1800°R, the equilibrium constant becomes large enough that the ratio
I(;/ICC nay be considered zero. It is unnecessary, thererfore, to provide
o curve-fit for temperatures below this linit.

The values of Ahfi,

obtained from 1BS Circular 500 (Selected Values of Chemical Thermodynmiic
Properties, February 19‘)'2) , and are given at absolute zero for the

the heats of reaction listed in column 6, were

conponent in the gascous stetes The values of Bi and Ei, given in colwmn

.x.
5 and 6, arc somcvhat uncertain. Because of the assumption that

*Thcsc values were suggested by ¥. Doynton, member of the Applicd
Research Group, Convair Astronautics

10



oxidation of “2’ and CO procecd according to a single step chemicol
reaction (discussed in Section III-B2 of Part II) it becomes difficult

to deduce values of Bi and E, from the meager experimental data avoail-

able at the present time. Fér this reacon Bi has been grouved, along
with other reference quantities, into r single peovamcter, Kyk, as shown
in the above-mentioned section. The solution of the problem can thus be
carried out parametrically for various values of th in the range of

variation of Bi'

Be Reference Values and Dinensionless Paranecters

The reference values used in non-dimensionalizin~ the flow paranctere
may be expressed arbitrarily in terms of the initiel values in the jet
and the air stream. One may usc the mean values for the velocities and

temperatures. Thus,

+U
C 0 .
Uy & —F— (27)
T, HE
B = S (28)

For a reference pressure, onc may uce the pressurc at the exit of the

nozzle:
. Fipg (1bs/in%) (29)

and, for a reference molecular weight, the moleecular vweight of the jet

nixture at the nozzle exit:

;omyu o= ) ux .
L% n Z 1% (%0)
o e

A reference density is obtained from the equation of state,using the

reference values given above. Thus,

&
1.10 ,
=2 2
7 131)

H] g
lo

o}

In consistent units, this equation is rewriticn as

pRY

o 15h5.43 TO - o

11




o ————

The rcference specific heat is set equal to the specific heat of the
mixture at the nozzle exit. The specific heat of each speecies at the

T
1 c .
<c1> == f (———) (32)
p e \f.i i 'I‘o

ond the refercnce specific heat 1is then

0 = Cpe = Z:(Ci)c (Cpi)c (%)

This equation can be modificd somevhat by using the relation

exit ic given by

¥ d, X
(C) - ‘ixi =”ii

1'e Z u
. n
\.i)(i o]

Substituting also Eq. (52), Ege. (55) becones

oo m el }:x e (= (5h)
po Y “g a7
m
o 1

vhere the function fi(Tc/To) can be computed from colwmn 8 of Teble I.

The dimensionless parameters vhich are functions of the referen

valucs given gbove will be rewritten here ia consistent unito. ‘lhesc ore,

By . RTO
Kp = 5 = =
N -
o} poUo "moUo
or
To
K = 32,17 X 1545 .43 —— (55)
Po W U”
Mo”0
and
%
Bo TC T
Do o
or, in consistent units,
2
U
B = L 9 (6)

o 3217 X T78.26 CpoTo

12



£l o

e . i I 2
G ] %mn.d X 9
6Tr- = %q . 5 o
. o o e - Lu  Caz
o562 o . - . =
06 = %q . . . . o - Hw&ﬂ ((32)3rcoTR62°¢-( LL)gn € G LOTNTE ~ PTRET £ =
eotcs = %q Wi T telV¥eclVegl®e ivs ® o o o
. : Cu) 0 70 omeecron Lun Cxa -
s = PR e (et g WOTRGT | PTRCT - ¥
. LS Cwz Swra
~W.~. Te — ) Cuyerocet « gt we-Crycre ) % % <
gt = 5o s
6o6ze- = T . 0 25 o +o(Cil) ovdgee0 + (Lol g 0 Se— - “Lo.0TRLC0 = 2
¢G6e- = ' wlaey,2qe oifae 51% s Tae % ° 2
c =% o ° ° e _@ra
€lgge = [ ( L1)B700SL + L %6CT-( L1)9g 6T c T " T o% T
{2y 203 s3me1:133%00 @™ 00$ > °w1 00¢ 2 1z 00 » .z 00¢ 2°0 ~— s’
@% s
.. 2(°11) .. o.. .
ey TOSTT * Toaer T L6 L <69 g ) c 0 ¢ - 910°g2 *u 9
(-]
o Nn hpu.v o -
%5 o van - 9n°€ % %9 1134 o $0T x §°2 Ot * € o1~ 050 ot0°ge o <
(-]
2l s, o
oe'g T %Ic..m.m& - 25T °u oteL cro*ss 0T X #92°9 »OT X §°2 TOT X ¢ o t- os'c ot0°m %00 ]
o omp
5673 T - owm °u 960 ott'a- 0 0 ) 0 - 00°2¢ % ¢
°44
- == °0 . - 00' .
w52 Tt “l.ODBLET0 + 5LC PAR N - N »0T x 09°T orCT * 6 0°1- 0s°0 g1o°2 ‘=z e
-]
o p °
o= ol L L60L 6ga° 2~ $OT X TL°C 0T x 09°T ot X € o°1- 060 9T0°gT o°n 1
00¢ > % 00¢ T %w2 006>°2  00cZ %L Lo = Gt e 1,001 ) D arce-ss \5“.: w7 &3y
. OTOM B aTOR- ¥ T.
e e ( M\E& SV 2 n?aouwu..s T,
@' & a

(*aIn3nisdeny SSITUWOTSUITD #Q3 ST 813y pIsn wle dNIBIEEST 3QL)
SIOLLOENA GEIVISH ONV VIO JINVEXQOWSIZEL °*I IRV

13



Two other dimensionless parameters, ovpearing in the expression for the
rate of production of species, may also be included in this list. The

dimensionless frequency factor is given by [see Part II, la. (k)]

- T,
o] “{m g
t-Lkao( 4 o )

L.
= -
}\B e

3

k Uo ‘.-Imo

B Y.
or, in consistent units, cxpressing B in (em®)/(o1e)3/(°K) ]‘/scc, and
P, in lbs/ft2, as given by Ea. (31a),

02 2 m Y}c
. - -4 ) ) Ik 0 t
}\Bk = 5.1528 x 10 (w 2 L Uo (m) (37)
T,

where the neccssary conversion factor has been used in order to convert

the density to (;rm/cma as required. TFinally, the dimencionleus activation
*

energy E,, given by Eq. (25) of Part II

x Ek

k Rlo

is written in the following form vhen Ek is given in cal/pr-mole, ond
T in “R:
o

: 2

™ = =
"k 1.9%7 Ty

C. Input NData

In addition to the theimodynamie data given in Teble I, the follow-
ing input data arc required for the solution of the problem. The
various terms arc listed in the order in vhich they appear in the computer

orogram. This program will be discussed in Section III.

I Mach nurber of the Jet at x =0

e
r,jt Ratio of specific heats for the jet side
Tpy stagnation temperature of the jet (°R)

1y, frece stream or flight liach number
Ma. Mach number on the air side at ;1 =0

Y. ratio of specific heats for the air side
T free strean temperature (°R)

14



PTJ stagnation pressure of the jes (1bs/in)

B lover (air-side) boundary of the mixing leyer

k nesh size in the x-direction

Pp_ stagnation pressure of the air stream (16/in?)

L reference length, nozzle ci:it radius (1t)

Prt turbulent Prondtl nunber

Lct turbulent Lewvis nunber

o Jet swvread factor

I number of internal prid points (mways an even nwroer)

1 . :
(c )a concentrations (mass fractions) of soecies "i" on the

oir cide, x =0

Xi mole fractions of specics "i" on the Jet side at x =0

a,a ,a,x,a coefTicients appearing in the polynomiel for
o 1 2" 37 4 , L
i, [iq. (9)]
Bco’Bl’Ba’Ba’Bez cosfliiicntsra[])pcm‘ing in the polymomial for
1 [iaq- (l))

The sbove cocfficients, as wvell as IIC and Ilq, arc obtalned from the
potential flov solution of the Jctl and are discusced in Section I. The
majority of the data are conditions on the jet or the air streom that
mist be specified for each particular case. I, and k mey be selected
arbitrarily. A discussion on the value of BL is pgiven in feetion III

below.

The values of the turbulent Lewis and Prandtl nurmbers are not well
nown. Recent c:perinental data on recovery factors have indicated o
value of Pr, = 0.86, and this value may be used for lack of other data.
In any case, var.utions in the Prandtl number are not cippected to be
large. Data on the turbulent Levis number is also laciking. The indica-
tions erc that its value ranges from 1.0 to 1.h. It will be useful to
carry out the solution of the present problem for various values of Lc:t
in this rangc, in order to determine its effect on the variation of the

flov parameters.

The jet spread factor, 0, required in the transformation of the
V-coordinate is not well knowm. Iperimental valucs of 0, and its

vossible variotion with lach nuiber crc discussed in the Appendix.

a4



III.

Finally, it chould be pointed out that, h, the step size in the
V-direction, docs not appear in the above list. It ic computed from
BL and Il, as discussed in Scction IV of Paxrt II.

COMPUTER PROGRAL

The equations derived in Part II, along with the information con-
tained in Sections I and II of this report, vere programncd,* using the
Fortran II gystem, for calculations on an IBH-704 computers The program
consists of a nwaber of subroutines vhich are employed as requircd by
the procedurc. These subroutines contein nwmerous descriptive comments
ond are, in general, sclf-explanatory. They will be listed here, and

discussed briefly, for ease of reference.

Subroutine

INPUT: provides for storage of input data, listed in Section II-C

COisT: used to calculate initinl conditions, given in Seetion I-A,
and the reference values of Section II-B

PRELI: c:iecutes preliminary operations, such as assigning the
initial and boundary conditions

GEIV: containc the calculations for functions of x, such as
Mach numbers, pressures, pressure pradients, and
the variable FK(wl.) [vhich contains the reaction term]

AN
BVAL: used for calculating boundary values

I'SUBI,FSIP, used to calculate thermodymanic functions I‘i('l‘), f;(’.l‘),
GIT, and fIBI: hy , and G i(fr) listed 1in Table I.

10!, 5PECI, used to calculate all coefficients of momentum, species,

EIERG: and cnergy cquations.
SOLVE: used to solve the gbove cquations sirmltancously
IIICRE: incrementing subroutine used to obtain the solution of

the equations at cach successcive step in the
s-direction

TRAISK: program used for carrying out the transformation of the
V-coordinate to the physlcal coordinate y

*
The program was preparcd by B. Vitte and P. Doherty, of the Digital
Computer Laboratory, Convair, Astroneutics, and was assigned the
nurber 595-l20k2 .,
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An additional subroutinc, denoted as subroutine "HEAIS" on the first
nare of the prosran, is plaumned for the future. This subroutine vwill
nake it posscible to compute the cocflicients of the cquations at a nid-
point of a mesh, rather then at the nreceding point, thus improving on

the accuracy of the numerical solution.

The number of internal grid points is limited to a maximun of 18,
because of the limited memory of the 704 computer. The value of I = 18
vould require the solution of 1hh cquations, and the coefficient matrix
of these equations vould occupy (5 percent of the mermory cells, leaving
approxinately 11000 cells for storage of other quantities, and for the
planned subroutine discussed in the preceding paragroph. It is possible
by means ¢f an ecxteimel tape, to increzcse the cepacity of the memory so
that values of Il larger than 18 may be accomodated. Iiowever, the com-
putation tinme will then be increased from L minutes, to approximatcly
20 ninutes, for cach step. It nay become necessary, at some future dete,
to use the citernal tape for at least a few runs in order to be able to

cvaluate mesh size crrors.

The program in its present form allows for only one value of the
lover boundary, Brs to be specified ot the start of the solution. The
larger the value of BL’ the further dowmstream can the solution be car-
ried. liowever, for large valucs of BL’ the step size in the ¥ direction
is large, and it becomes difficult to obtain accurate profiles at the
initial stages of the mixing layer. It i5 necessary, then, to start
with a small value of BL’ obtain the solution for the first few steps,
and, then, restart the program vith a larger value, in order to carry

the solution further downstrean.

To remove this difficulty, it is planned to incorporate into the
progran o nev subroutine vhich will cause the value of BL to increase
automatically, as the colution »rogresses. The increase will take place
vhenever the valuc of the temperaturc at the boundary of any given step

reaches the usual limit of 99 percent of its asymptotic valuec.



.

Iv.

TYPICAL CASE AND PRELIMINARY RESULTS

As a typicel problem, ve will conslder the casc of & two-dimenscional
Jet of Mach number MJet‘ 3.185 exhausting int> an uir-strcf)xn of lach
nunber 1, = 5.70 at an altitude of 150,000 feet. Table II, below, gives
the boundary of the jet and the lMach nurbers and total pressure at each
side of the boundary, as shown in Figure la. The coordinates )(/re and
r/re arc as chown in Figure 1b. The angle 9 is the angle that the tangent
to the boundary makes wi.n the axis of symmetry of the nozzle, and is not
used here. The dimensionless coordinate, x (or x*), used in this work
was related to the coordinates of Table II by Eq. (8) as discussed in
Section I-B. The following simple rclation was found to hold to within
% 1.5 percent:

}l(" = 0,845 x
e

The Mach numbers M
in x. Thus

3 and ”s were expressed as fourth degree polynomials

) a + ax2 +Q + a x*
M, =@ +@x +0x axa |

J

vhere the values of the coefficients are
a = b.86946
@ = 28503
- 662k x 107*
8509 x 10”2
- 42125 x 107°

(12
a
a

%

The strean side Mach number is given by
. "2 B o
g = ﬂco +Byx+ B = 4P 4B

with the following values for the coefficients

Beo = 1.96321
B, 29241

B, = -.68381 x 107"
B, = .91005 x 1072
B, =-.i5438 x 107°

18



*
TABLE 11

DATA OBTAINED FROM THE INVISCID JET FIOW SOLUTION! FOR JET
MACH NUMBER M 2 = 3.185 AND ALTITUDE 150,000 ft

Je
p p
cuar M o T/T Deggees i, lb/inngBS My 1b/1zg,ABs
J1l 0.0C0 1.000 %55 h.E70 k92,0 1.965 3.1
J2 0.090 1.059 33,35 4.896 ho2.0 1.991 3,1
s02 0,134 1.088 33,26 L.907 492.,0 2.002 AL
J3 0.179 1.118 33,32 .928 Lg2.0 2.024 3.1
su3 0.191 1.176 3Bk L.gké 492.0 2.0k2 3.1
SD3 0.205 1.135 33,30  4.936 492.0 £.032 B
S03 0.270  1.178 33,23 k.955 k92,0 2.051 5ol
Jb 0.358 1.235 37,17 4,981 kg2.0 2.079 B
J5 0.537 1.352 33,00 5.028 4o, 0 2.126 il
s07 0.817 S35 32,807 5.096 k92,0 2.196 | )
S09 1.0%6  1.712 32,51  5.147 k92,0 2.2L8 3.1
SDh11 1.357 1.877 32,21 5.187 kg2.0 2.288 “lal
SD16 £.024 2.292 31.67 5.285 k92,0 2.387 Inld
J8 2.651 2.67h 30.93 5.340 49z.0 2.4l 3,1
J9 3.515 3,186 30.17 5.412 49z, 2.513 Pl ll
J10 h.373 3,680 29.65 5.483 492.0 2.584 3.1
J11 5.223 4.160 29.15 54538 k92,0 2.638 g !
Jo12 6.081 4,633 28.66 5.591 492.0 2.691 3.1
SDhé6 6.529 4.876 28.36  5.61k 4gz.0 2.713 3.1
suk8 6.820 5.032 817 5.628 kg2.0 2.726 3,1

*

This Table was furnished by Dr. J.M. Bowyer, member of
the Applied Research Group, Convalr, Astronautics. It
was computed by the method of characteristice.
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The error in the above approximations is less than 0.3 of the tabwlated

values.,

In addition to the above coefficicnts, and the thermodynemic data
riven in Table I, the following input deta vere used: (the symbols arc
defined in Section II-C). I = L.872, Ty = 14225, Tp, = G300°R,

Mo = 54700, M =1.965, ¥ = 1.0, T, = 505°R, Ppy = 492.0 1bs/1n?,
Py, = 3075 lbg/in®, L = 191 ft, Pr, = 0.8, Ie, =1.20, 0 = 36.0,
N o=k, B; = - 1.50 and -3.0, k = 0.125.

The concentrations of specics at x = 0, and at the upper and lover

boundarics arc

*

Speeices (Ci) Xi
a

1,0 0 0.366
i 0 01420
0, 0.233 0.,0072
Co, 0 0.1572
co 0 033476
Ng 0.767 0

The value of BL==-1.50 was used to compute the first five steps in
the development of the mixing layer (x=0.625). A run waas then made
with B, =-3.0, and the analysis vas carried to x=1.25, i.e., 1-1/4
nozzle exit radii. The results are plotted in Figures 2 through 6, in
terms of both the ¥ and the y coordinate. The computed reference values
are U = T436.6 ft/sec and To-'1926.5 °R. The velocity and concentration
profiles, Figures 2, 3, and 6 have the expected trend, and are not af-
fected by the value of BL. It is noted in Figures 4 and 5 that the tem-
perature profiles exhibit a "bulge" near the x-axis. The peak thus ob-
tained 1s lower by about 3% for the larger value of BL (and therefore h).

It is believed that this error is the result of the larger = ash siza.

The values of X4 listed sbove arc based on the results obtained by

Teu and Boynton.®
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In order to determine whether the bulge in the temperature profiles
develops into a sharp peak, and also to obtain the thickness of the mix-
ing layer further downstream, the solution was carried to x=5.9 (5 nozzle
radii) using BL==-1?.O. A plot of the computed thickness is given in
Figure 7. To reduce the corputation time, the value of k, the step size
in the x-direction was doubled. This increase introduced some error in
the peak values of the temperature profiles (not reported here)., The net
increase between the peak value and the asymptotic value at the lower
boundary was found to be 14% at x=5.0 as compared to 12.5% at x =0.5.

It appears that the cooling of the gases at the boundary, as a result of
the expansion, and the low value of the pressure in the mixing layer
(p=0.17 1b/in® at x=5.0) prevent the bulge in the temperature profile
from developing into a sharp peak.

REFERENCES
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Constant Mach Number for an Axially Symmetric Jet," Convair,
Astronautics, Confidential Report No. ZJ-7-0%4, (March, 1958).
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NOMEDICLATURRE

dincnsionless peramcter defined by q. (37)

s
.

L reference length

M Mach number

I nunber of internal grid points

P pressure (dimensionless when not subscripted, otherwise has 1
the units of 1lbs/in?)

P, dimensionless pressure gradient

r Yy coordinate of the jet boundary os shovm in FMigure b,

R univercal gas constent

Rm gas constant for the mixture

T temperature (dinensionless or in °R as noted)

U  velocity at the boundaries (ft/sec)

‘ﬂn molecular weight of the mixture

3¢ dimensionless coordinate

X x coordinate of the Jet boundary as showm in Fipgure 1lb.

Xi role fraction of species 1

Subscrivts

a denotes initinl conditions (i = 0) for the air-stream side

e 4nitial conditions (x = 0) for the Jet side

J Jet-side conditions for x>0

o reference values

s conditions on the air-strean side for x > 0

TJ totel or stagnation conditions on the jet side

Ts total conditions on the air-strean side

o frece stream conditions
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Greek Symbols

) & cocaficients appearing in the polynomial for I

o’ 4 J
Bco’ , cocfficients appecaring in the polynomial for M,
rJt ratio of specific heats for the Jet side
YG ratio of specific hcats for thc air side
o Jet spread factr:-
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APPENDIX

The value of 0 18 to be obtained from experiments on the rate of
spread of supersonic Jets. At the present time, the available data are
limited to values of M < 1.60, and the results of various investigators
vary widely, as seen in Figure 8. In this figure, the quantity oo refers
to the value of O for an incompressible jet (M = 0). The value of
Oo = 12, has been established by numerous experiments. For M > 2 values
of the ratio 0/0o obtained from the experimental data of Anderson and
Johns, (Jet Propulsion, Vol. 25, No. 1, 1955) on jets from solid propel-
lant rocket motors have been used, for lack of other data. For M = 1.40
and 1.84 the data on hot air jets in this reference is in fair agreement
with the results of other investigators. A smooth curve has been drawn
through the various points to describe the possible variation of 0/0o
with M. Obviously this curve is only tentative and should be revised

when more information becomes available
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